It is well-known that chiral anomaly can be macroscopically detected through energy and charge transport, due to chiral magnetic effect. On the other hand, the chaotic modes in a many body system are only associated with energy conservation. So, this suggests that, perhaps, one can detect the microscopic anomalies through the quantum chaos in such systems. To holographically investigate this idea, we consider a magnetized brane in AdS space time with a Chern-Simons coupling in the bulk. By studying the shock wave geometry in this background, we first compute the corresponding butterfly velocities, in the presence of an external magnetic field B, in µ T and B T 2 limit. We find that the butterfly propagation in the direction of B has not the same velocity as the one of opposite direction; the difference is turned out to be as ∆v B = (log(4) − 1)∆v sound with ∆v sound being the difference between velocity of the two sound modes propagating in the system. Such special form of splitting confirms the idea that chiral anomaly can be macroscopically manifested via quantum chaos. We then show that the pole-skipping points of energy density Green's function in the boundary theory coincide precisely with the chaos points. This might be regarded as hydrodynamic origin of quantum chaos in an anomalous system. In addition, by studying the near horizon dynamics of a scalar field on the above background, we find the spectrum of pole-skipping points associated with the two-point function of dual boundary operator. We show that the sum of wavenumbers corresponding to the pole-skipping points at a specific Matsubara frequency follows from a closed formula. Interestingly, we find that the same information about splitting of butterfly velocities is encoded in the pole-skipping points with the lowest Matsubara frequency, independent of scaling dimension of dual boundary operator. * abbasi@lzu.edu.cn † smjty25@gmail.com 4 See also [36] for the first study of pole-skipping at finite coupling. 5 Let us denote that by using symmetries, we only work with a subset of δg µν 's. 6 v is the time coordinate in the Eddington-Finkelstein coordinates.
Introduction
It has been observed that for a large class of many-body systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] ,
where V and W are generic few-body operators, β = 1/T and ∼ 1/N with N being the number of degrees of freedom. The chaotic behavior of the system is represented by the purely imaginary values of the ω and k:
Here λ is the quantum Lyapunov exponent and v B is the butterfly velocity, i.e. the velocity at which the information propagates in the space. The exponential growth of the out-of-time-order-correlator (OTOC) (1.1) is known as the manifestation of the quantum chaos in many-body systems.
Holographically, butterfly velocity can be computed via studying an eternal black hole as being dual to a thermofield double state in a CFT [17] . Let us recall that the chaotic behavior (1.1) is related to sensitivity of dynamics to the initial conditions. Correspondingly, injecting an small amount of energy into the left side of the eternal black hole back in the past, will have exponentially blue-shifted energy near the horizon. Therefore, the backreaction on the geometry must be included [2] . The resultant geometry can be described as a Dray-'t Hooft shock wave [18] . For a localized shock in U − V coordinates, with T U U ∼ δ(U ), the exponentially growth of discontinuity in V coordinate, when passing through the shock, is then the holographic dual of (1.1). So the problem of finding butterfly velocity reduces to finding the shift in V coordinate via solving the Einstein equations in the bulk.
Based on the above holographic picture, in the first part of the paper, we compute the butterfly velocity in a system with chiral anomaly. Quantum chaos in anomalous systems has not been studied in the literature so far. However, our motivation originates from the fact that in such systems, some kinds of hydrodynamic transport are related to the microscopic triangle anomalies [20] . For example in the presence of an external magnetic field, the energy flux encodes some information about the chiral anomaly due to the chiral magnetic effect [21] . 1 We also know that chaotic modes in a many body system are associated with energy conservation. So this suggests that, perhaps, one can detect chiral anomaly via quantum chaos.
The holographic dual of a four dimensional system in the presence of an external magnetic field is a magnetized brane in AdS5 space time [23] . In order to make the boundary system anomalous, it is convenient to couple the magnetized brane to a Chern-Simons term in the bulk. The gauge invariance in the bulk then leads to existence of chiral anomaly on boundary, through the inflow mechanism [23] . So in order to study a thermal state in the boundary chiral system, we need a black brane solution in Einstein-Maxwell-Chern-Simons theory. Such solution has been already found analytically in the regime of small magnetic field B, in [23] . However, the metric functions in [23] are given as some un-evaluated integrals. In order to work with them, we adapt the doubly expanded metric functions over B/T 2 and µ/T , found in [24] . So, whatever we find in this paper will be analytic and will be given in a double expansion over these two dimensionless parameters.
We compute the butterfly velocity for two cases; once when the information propagates parallel to the magnetic field 2 , and then in another case in which, propagation is transverse to the magnetic field. In agreement with our earlier motivation, we show that in the parallel case, the microscopic anomaly is really detected via butterfly velocities. While in a nonchiral system for both x < 0 and x > 0 in (1.1) one obtains the same butterfly velocity [2, 16] , for a chiral system in the presence of magnetic field parallel to x, however, the butterfly velocities in these two ranges have different magnitudes. Their difference, which we refer to as ∆v B , is proportional with chiral anomaly coefficient times ( µ T ) 2 ( B T 2 ). As a result, ∆v B is a new macroscopic measure for detecting the microscopic chiral anomaly.
More Interestingly, by computing the spectrum of hydrodynamic modes in this background, we find that the magnitude of velocity of sound modes, going parallel and opposite to the magnetic field, differ from each other; their difference, namely ∆v sound , has exactly the same dependence on the two parameters B/T 2 and µ/T that ∆v B does. Let us recall that sound waves are responsible for transporting energy and momentum densities in the medium. That the ratio ∆v B /∆v sound is given just by a constant number of the order unity can be interpreted as it follows. Any splitting between velocity of sound waves leads to that of butterfly velocities. The former is caused due to the chiral magnetic effect, both in energy and charge transports. One then may conclude that the splitting between butterfly velocities has the same origin. In the transverse case, although compared to the non-chiral case, the butterfly velocities get corrections, as one expects, the degeneracy between butterfly velocities is not split.
It has been recently shown that in addition to (1.1), quantum chaos has a sharp manifestation in the two-point functions of energy density and energy flux. This manifestation was firstly observed in the numerical spectrum of quasi normal modes in a holographic system [19] . In the mentioned paper it was shown that the values of frequency and momentum given in (1.2) follow from a dispersion relation of the hydrodynamic sound mode. Additionally, it was shown that just at this point, the residue of retarded two-point function of energy density vanishes. This observation actually established a direct link between hydrodynamics and the butterfly effect, for the first time.
Vanishing the residue of energy density two-point function at the chaos point (1.2) was then derived as a general prediction of effective field theory in [25] and was called the "pole-skipping" phenomenon. In the mentioned paper, based on previously developed effective field theory of dissipative fluids [26, 27] 3 , a new quantum theory of hydrodynamics was formulated. This quantum theory is valid not only to all orders in derivative, but also at finite . The latter emphasizes that the theory of quantum hydrodynamics has been constructed for studying those systems for which the Lyapunov exponent is of the order of λ ∼ 1 .
The main idea of [25] is that the scrambling of a few body operator can be described as the following: there exists an effective chaos mode which propagates and builds up an exponentially growing hydrodynamic cloud, around the operators. The exponential growth basically arises from a shift symmetry. This shift symmetry leads to chaotic behavior in outof-time-order correlators (eq. (1.1)) and simultaneously, shields the correlation functions of energy density and energy flux from exponential growth. The latter happens because at exactly the chaos point (1.2), residue of theses correlation functions turns out to vanish; this is nothing but the pole-skipping phenomenon. The pole-skipping has been explicitly shown to happen in 2-dim CFT at large central charge [31] and recently in higher dimensions [32] .
The effective field theory approach of [25] associates the chaotic mode to the energy conservation. Such feature may be universal among the systems which are or are close to being maximally chaotic. In [33] some further strong support for the pole-skipping phenomenon in such systems was found. By studying the linearized Einstein equations around a static black hole geometry, it was shown that the pole-skipping is universal for general systems at finite temperature, dual to Einstein gravity coupled to matter.
Among the other evidences like what found in [34, 35] , the phenomenon of pole-skipping is sometimes referred to as the smoking gun for the hydrodynamic origin of the chaotic mode [25] . Based on this, in the current paper and as the second part, we are going to explore the relation between hydrodynamic and quantum chaos in a many body system with chiral anomaly, via studying the pole-skipping phenomenon in such systems.
We mainly follow the argument of [33] 4 which is based on studying the near horizon dynamics of metric perturbations in Fourier space, namely δg µν (r h ; ω, k)'s. 5 To proceed, the linearized form of one appropriate component of the Einstein equations, expanded near the horizon, is considered. Let us recall that in any system with Einstein gravity dual, we expect the Lyapunov exponent to be as λ = 2πT . According to (1.2) , it corresponds to the imaginary frequency ω * = i 2πT . Precisely at this frequency, the above mentioned linearized component of the Einstein equations highly simplifies and leaves δg vv (r h ) decoupled from the other metric perturbations at the horizon 6 . So for general wave number k, δg vv (r h ) then must vanish. This actually picks up a unique solution for δg µν (r; ω, k) in the bulk, up to a UV renormalization constant.
However, there exist two special wavenumbers k * , at which, this equation is automatically satisfied. One can show that this is equivalent to say that at the point (ω * , k * ), the ingoing boundary condition at the horizon is not sufficient to pick up a unique solution to δg µν (r; ω, k). In order to find a solution in the bulk around the above point, namely at a general point like (r; ω * +δω, k * +δk), in addition to a UV normalization constant, the value of the parameter δω/δk is needed too. Then by changing δω/δk, one can obtain a spectrum of solutions in the bulk, including both renormalizable and non-renormalizable solutions, and all passing through (ω * , k * ). Let us take the corresponding values for renormalizable and non-normalizable solutions as (δω/δk) (n) and (δω/δk) (nn) , respectively. In accordance with holographic dictionary, all points between (ω * , k * ) and (ω * + δω (n) , k * + δk (n) ), on the line with slope (δω/δk) (n) , are poles of G R in the boundary theory; similarly, all points between (ω * , k * ) and (ω * + δω (nn) , k * + δk (nn) ), on the line with slope (δω/δk) (nn) , are roots of G R . So, both lines of poles and roots of G R pass through (ω * , k * ). As a result, the Green's function becomes multi-valued at this point. It is nothing but the pole-skipping, predicted by the effective field theory of [25] .
Following the above discussion, we find the pole-skipping points of energy density Green's function in a system with chiral anomaly, via studying Einstein-Maxwell-Chern-Simons theory. It turns out that ω * /k * is exactly the same as butterfly velocity v B found from shock wave computations in the previous part. This coincidence might be an implicit evidence for hydrodynamic origin of quantum chaos in anomalous systems.
In another way, recently it has been shown that the lack of information to uniquely define a correlation function is not specific to energy density correlation functions at chaos point; Green's functions of generic operators have also the same feature but at negative Matsubara frequencies and some appropriate complex values of wavenumber [37] 7 . The presence of such set of pole-skipping points in the lower half of complex Fourier plane shows that the dispersion relations of collective modes in boundary theory at energy scales ω ∼ T are directly constrained by the near horizon dynamics of bulk fields.
We use the same idea to compute the set of pole-skipping points in the lower half plane by studying the dynamics of a scalar field near the horizon. We find the tower of pole-skipping points whose frequencies are actually the Matsubara frequencies ω = −i2πT ; = 1, 2, · · · . It turns out that the spectrum is deviated from the symmetric spectrum of a non-chiral system. In particular, we find that the sum of wavenumbers corresponding to pole-skipping points at th Matsubara frequency, which we call it ∆k ( ) , is a special quantity with a universal behavior. Its universality comes from the fact that it does not depend on the mass of scalar field and consequently neither does on the scaling dimension of the dual operator. By computing this quantity at several Matsubara frequencies, we propose a closed formula for it, giving the sum at general Matsubara frequency. Interestingly, it turns out that ∆k ( ) /∆k (c) = − 2 , with ∆k (c) being the sum of wavenumbers corresponding to the chaos points. This suggests that in a chiral system, the pole-skipping in Green's function of a boundary operator at the lowest Matsubara frequency, i.e. the one with = 1, carries the same information about the splitting of butterfly velocities.
In the rest of paper, we firstly introduce the gravity set-up dual to the chiral system in § 2.1. In § 2.2 by using the shock wave picture, we compute the butterfly velocities in longitudinal direction. In § 2.3, we derive the spectrum of hydro modes in the system under study and compare the results with the butterfly velocities. Then in § 2.4 we show that the pole-skipping in energy density corralators occurs at exactly the chaos points. In § 3 and its corresponding subsections, we study the pole-skipping points of boundary operator dual to a dynamical scalar field in the bulk. Finally, in § 4 we end with reviewing our results and discussing about some follow-up directions.
Holographic quantum chaos and pole-skipping in an anomalous system
In this section we holographically investigate the relation between quantum chaos and chiral anomaly as well as that of quantum chaos and hydrodynamics, in an anomalous system. Following the detailed explanations in Introduction, in what follows, we mostly focus on computations and corresponding results.
Chiral system and its holographic dual: set up
The holographic dual of a chiral system in the presence of magnetic field, which lives on the boundary of AdS, is the Einstein-Maxwell-Chern-Simons in the bulk. The action then is given by
with the Chern-Simons action being as the following
and S bdy is the boundary counter term. The equations of motion are given by:
from which one can find the following magnetized brane solution in the bulk
In the limit B T 2 , the six functions f (r), W L (r), W T (r), C(r), E(r) and P (r) were found analytically in [23] . Assuming the following expansions for these functions
and by considering the zero order solutions
the authors of [23] found the correction functions in (2.7) as some unevaluated integrals.
Here Q and M can be written in terms of the horizons radii, r ± , which satisfy f (r ± ) = 0:
The unevaluated integral functions found in [23] can be evaluated analytically in some regimes. In [24] , all these functions have been computed in a double expansion over B/T 2 and µ/T . In the current paper we follow [24] and work in the same limit. 8 Here, however, we do not rewrite the explicit expressions of functions (2.7) evaluated in [24] . In order to study the chaos, we only need to know the near horizon limit of the mentioned correction functions. So in the following we just give their series expansion around the outer horizon, r h ≡ r + . One formally writes
where the coefficients have been given in Table. E. There is an important point about r h in the above expressions. In the absence of magnetic field location of horizon is the root of f 0 and is given by r h = πT . However, as discussed in [24] , since f 0 gets a magnetic correction, the outer horizon and consequently both the Hawking temperature and the chemical potential of the solution have to be corrected as well. Considering the double expansion discussed above, the corrected outer horizon, is found to be as
with ν = µ πT and b = B (πT ) 2 and keeping terms up to second order in ν and b.
Quantum chaos and butterfly effect from holography
Following the explanation about shock wave and its backreaction on the eternal black hole geometry in Introduction, we first proceed to rewrite metric (2.5) and field strength (2.6) in Kruskal coordinates. To this end, by using the tortoise coordinate
and definingf (r) = f (r) − C(r) 2 e 2W L (r) , we can find the Kruskal coordinates U and V , in the left side of Kruskal diagram, as the following
(2.13)
In terms of Kruskal coordinates, metric may be rewritten as
(2.14) where the functions A, B and D are given by
Note that the subscript "past" is denoting that the metric corresponds to an eternal black hole in the past, before becoming perturbed by the shock wave. Similarly, field strength must be rewritten in U − V coordinates in the past. one writes
with the functions G and H given by
(2.17) According to [2] , backreaction of shock wave on the above background develops a "future" solution in the bulk which can be obtained by imposing the shift V → V + h(x)δ(U ) to the past one. Under this shift, (2.14) and (2.16) take the following form:
Plugging (2.18) and (2.19) in (2.4) and considering the matter source in the right hand side of it as 9 , one finds that h must obey the following equation near the horizon 10
The same convention has been considered for functions W T and W L in the above equation. Note that in obtaining equation above we have already taken the magnetic field in the third direction. For a magnetic field in a general direction, say b, equation (2.20) can be formally written as the following
where and ⊥ are denoting the directions parallel and transverse to the magnetic field, respectively. It should be noted that b in the third term of the left hand side is coming from D (0) in the first line of (2.20) . It is also obvious that q, p and m 0 can be easily read in terms of coefficients in (2.20) . When h is assumed to be only function of x 3 , the second term in (2.21) vanishes and
Comparing this equation with (1.1) and (1.2), one finds the Lyapunov exponent of the system, as expected, is
and the speed at which the information propagates depends on the sign of x 3 ; let us recall that in (1.1), at t = 0 operator W is inserted at x = 0 and then at time t, V will be inserted at x. So x 3 > 0 corresponds to propagation of information in +x 3 direction, namely the magnetic field direction; similarly x 3 < 0 corresponds to the butterfly propagation opposite to the magnetic field. From (2.22), we find the corresponding butterfly velocities as the following
When magnetic field vanishes, p = 0 and one finds the degenerate velocities of [35] . Interestingly, the above relations show that when p = 0, the speed of butterfly velocity in the medium is not isotropic. In the following we show that this asymmetry is just coming from the chiral anomaly.
To better explain the physical aspects of this result, we first compute p and m 0 in terms of background data. We find:
Now we can put these expressions back into (2.24) and read the butterfly velocities. In the following we discuss on the resultant formulas in various limits.
• Uncharged system in the absence of magnetic field Such system is holographically described with a Schwarzschild black brane. Substituting b = 0 and ν = 0 in (2.24), we reproduce the well known result v B = 2/3 [2] for this system.
• Charged system in the absence of magnetic field
The holographic dual of this system is a Reissner-Nordstorm black brane. Substituting b = 0, in (2.24), we find a new result concerning the RN black brane as the following v
This is showing that the speed at which the chaos propagates in the system decreases by making it charged. We study chaos in RN black brane at finite µ in a future work, in details [48] .
• Non-chirally charged system in the presence of magnetic field Such system is holographically dual to a magnetized RN black brane. In order to put off the chiral effects in (2.24), we force the Chern-Simons coefficient to vanish, i.e. κ = 0. Interestingly, p in (2.25) vanishes and then we obtain two opposite butterfly velocities
In [16] , based on shock wave picture of [2] , the anisotropic butterfly velocities for a general family of anisotropic metrics has been computed. Interestingly, our metric given in (2.5) for C(r) = 0, namely for the non-chiral case, falls into the family of metrics studied in [16] .
In Appendix C, we will show that our above result in (2.27) is in complete agreement with that of [15, 16] . • Chirally charged system in the presence of magnetic field Our main goal in this section is to just consider this case. It is well-known that κ is proportional to the chiral anomaly coefficient in a chiral system and so in this case κ = 0; one writes
It is obvious that µ 2 B term splits the degeneracy between the magnitude of the two butterfly velocities in this case and the equality v L 1 B = |v L 2 B | will no longer hold. Putting the value of κ [49, 50] , we find
This is actually our central result in this section. It is obviously seen that the difference between the magnitude of the right-and left-moving butterfly propagations is originated from the anomaly of microscopic quantum field theory. So any macroscopic observation of such difference in experiment is a new manifestation of chiral anomaly. For later requirements, we know represent the butterfly velocities (2.28) in the form of chaos points introduced in (1.2). The chaos points are given by (iω c , ik c ) where ω c = 2πT and k c = 2πT k c is given by
(2.30) We also call the sum of the above two wavenumbers as ∆k c
Before ending this section let us note that we will compute the butterfly velocities in the transverse directions in Appendix B.
Butterfly effect and chiral transport
Hydrodynamics is the universal low-energy long wavelength limit of thermal systems. Instead of microscopic degrees of freedom, hydrodynamics uses just a few number of macroscopic variables as the dynamical degrees of freedom, say velocity u µ (t, x), temperature T (t, x) and · · · . The idea of hydrodynamics is that in the long wavelength limit, every physical quantity in the system, like energy density, can be written in a derivative expansion of the above degrees of freedom. The equations of motion are then simply the (non-)conservation equations of energy-momentum tensor (and global currents). In a simple system with one anomalous U (1) current, one writes
with the electric and magnetic fields in the rest frame of fluid elements defined as E µ = F µν u ν and B µ = 1 2 µναβ u ν F αβ , respectively. C is the coefficient of chiral anomaly in the system. In a chiral system and in presence of the background field F µν , the constitutive relations are given by [20, 51] 
where ω µ = µναβ u ν ∂ α u β and σ B , σ B , σ V and σ V are the anomalous transport coefficients.
Here also, w = + p is the entalpy density of the equilibrium. Hydrodynamic excitaions are gap-less modes of the equation (2.32) and (2.32) propagating around thermal equilibrium state. So, in order to obtain the dispersion relations of the hydrodynamic modes, we take the following profile for the hydrodynamic variables
We have assumed the time dependent perturbations are functions of only the third spacial coordinate. We also take the magnetic field being along the same axis. In accordance with these assumptions, we will find the plane wave hydrodynamic excitations propagating either parallel or opposite to the magnetic field. Around equilibrium state, the thermodynamic quantities will deviate from their equilibrium values, too. One writers
Expanding the equations of motion to first order in the perturbations and also to second order in derivatives then result in the following five linear equations:
The eigen modes of the above equations are the so-called hydrodynamic modes. In this case with only one single U (1) anomalous currents, one finds five of them including, two sound waves, two chiral Alfvén waves (CAW) together with one chiral magnetic-heat wave (CMHW) [52, 53] 12 . In the laboratory frame [55] , we find the velocity of these modes as the following: α] . We have used the shorthand notation [α, β] = α 1 β 2 − α 2 β 1 , and similarly we use the same for other commutators.
Our results regarding the hydrodynamic modes have been general so far, in the sense that no any special equation of state we used to find them. In order to apply the modes to a specific system with a given equation of state, we have to firstly compute the corresponding thermodynamic derivatives α 1,2 , β 1,2 and γ 1,2 of the system. The only things which then remain to be specified are the anomalous transport coefficients. 13 Let us recall that the system under study in the current paper is a holographic chiral system dual to Einstein-Maxwell-Chern-Simons theory, (2.1) and (2.2). The thermodynamic equation of state for such system has been found in [24] . The energy density, thermodynamic pressure and charge density are to second order in ν and b given as
where N c 1 is the number of colors in the boundary gauge theory and ∆ is an energy scale. Using these expressions, one then can simply compute the thermodynamic derivatives defined in (2.37), (2.37) and (2.38) (See Appendix D.).
The non-dissipative transport coefficients introduced in (2.34) and (2.35) have been computed for Einstein-Maxwell-Chern-Simons theory in [51] . However in [51] , in addition to the Chern-Simons coupling (2.2), a gauge-gravitational coupling has been considered as well:
where λ is proportional to the gravitational anomaly coefficient in the boundary theory and as mentioned earlier, κ is proportional to the coefficient of chiral anomaly. So in order to use the results of [51] in our work, we have to take the limit λ = 0. Doing so, the anomalous transport coefficients take the following simple form
where in the second qualities we have used [49, 50] 
Putting all the above staff into the velocities (2.39), (2.40) and (2.41) and expanding to second order in b and ν, we find
There are some points regarding the above results which deserve more explanation. Firstly, the non-propagation of chiral Alfvén wave in this case shows that this kind of gap-less modes are tight with the presence of gravitational anomaly. If we took λ = 0, we would obtain v CAW = 0, although just in the laboratory frame ( [55, 57] ). The second point is that in front of every magnetic field factor b, there is an implicit chiral anomaly coefficient C. But since our computations are in the framework of holography, the relation (2.45) has been already imposed and the anomaly coefficient is then not seen explicitly.
In addition to the points mentioned above, and more importantly, from (2.46), one simply notices that the right-and left-moving sound modes have different velocities v sound1 and v sound2 . Interestingly, the difference between their magnitudes, namely,
has exactly the same dependence on ν and b which we already showed ∆v L B had. More precisely,
This is an interesting result which sends an important message: if the velocity of right-and left-moving sound modes are not the same, neither will the velocity of right-and left-moving butterfly propagations, and vise versa. On the other hand, from (2.41) one understands that ∆v sound arises just due to the non-zero chiral magnetic effect coefficients σ B and σ B . Therefore, (2.48) suggests that splitting between the butterfly velocities might be due to chiral magnetic effect. So in addition to previously proposed macroscopic probes of chiral magnetic effect, like three particle correlations in heavy-ion collisions [22] , detecting a nonzero ∆v L B might be regarded as a new manifestation of this effect in anomalous systems.
Pole-skipping of energy density Green's function from holography
In order to find the pole-skipping points of energy density Green's function, we have to work in the ingoing Eddington-Finkelstein coordinates. 14 One finds that in these coordinates the electromagnetic field strength is given by (2.6), as before. However, metric changes and takes the following form
(2.50) 14 In these coordinates, the regularity of solutions in the future event horizon is automatically satisfied. and j(r) = C(r)e 2W L (r)
) .
In order to find the energy density two-point function, one has to consider the perturbations of the vv-component of metric δg vv (r, v, x) = δg vv (r)e −iωv+i k· x . It is clear that among the other Einstein equations, the vv component is the one which governs the dynamics of δg vv . So we study the linearized form of this equation in two cases; while we always consider the magnetic field being directed along the third direction, we take once, the perturbations propagating in the same direction and then as the second case, we study the propagation of the perturbations transverse to the magnetic field (See Appendix B for the transverse case.). In each case we find the points (ω * , k * ) at which the vv equation becomes trivial. It is in correspondence with the multi-valuedness point of the boundary energy two-point function.
In the longitudinal case, perturbations δg vv , δg rr , δg rv , δg x i x i , δg x 3 x 3 , δg vx 3 and δg rx 3 decouple form the others. So just by considering these metric perturbations around (2.49), the linearized vv component of Einstein equations near horizon reads (up to second order in b and ν):
Where the superscript (0) refers to the zeroth order in the expansion around r = r h . The coefficients A and B given by
Let us denote that as one expects, when ν = 0 and b = 0, equation (2.51) simplifies to what was found for the Schwarzschild case in [33] . Obviously, when ω = iω * = i2πT , all the other fields decouple from δg vv at the horizon and we are left with
. For a generic k, the above equation gives δg (0) vv = 0, however, for some special value of k = ik * , this equation is automatically satisfied. Such k * can be computed perturbatively in a double expansion over b and ν; considering k * = 2πT k * , one finds the following two dimensionless wavenumbers:
(2.54) As it is obvious, this result is exactly the same as (2.30) . In other words, we have shown that in an anomalous system, the pole-skipping points of energy density Green's function coincides with the chaos points:
This results might be regraded as the first evidence for the hydrodynamic origin of quantum chaos in the presence of chiral anomaly. In order to make it stronger, it would be nice if one shows that the analytic continuation of the hydrodynamic sound mode passes through this point in the complex Fourier plane. We will discuss on this point in more details, in § 4.
Pole-skipping in the Green's function of boundary operators
As discussed in Introduction, the chaos points are not the only well-known pole-skipping points in the Complex Fourier plane. It has been shown that the pole of Green's functions of generic boundary operators also skips at a set of points in the lower half of this plane. In this section we consider the near horizon dynamics of a scalar field perturbations on the magnetized black bane solution (2.49) to obtain such pole-skipping points. Scalar field equation of motion on the fixed background with metric g µν is given as
The strategy is as the following; one takes Φ = φ(r)e −iων+i k· x with φ(r) expanded near the horizon as
Then putting (3.2) back into (3.1), the equation of scalar field can be rewritten in a near horizon expansion, giving a set of equations corresponding to different orders of expansion. The resultant equations are special in the sense that at the th order of expansion, one finds a linear equation between φ 0 , φ 1 , · · · and φ +1 , with the coefficient of φ +1 vanishing at the Matsubara frequency ω = −i2πT ( + 1). In the following two subsections we will study the first four of these equations, namely those corresponding to = 0, 1, 2, 3. They can be formally written as
where M rs coefficients are in fact some functions of ω and k.
As it is obvious from the above equations, just at the Matsubara frequency ω = −i2πT , the first equations decouple from the rest of them and take the following form
(3.7)
We already encountered with the similar situation when studying the near horizon dynamics of δg νν perturbation at the chaos points in (2.53) . Similarly, the roots of equation det M × (ω = −i2πT , k) = 0, here, are those wavenumbers at which the ingoing boundary condition at the horizon is not sufficient to uniquely fix a solution for Φ in the bulk. Let us call the roots as k 1 , k 2 , · · · , k 2 . It is clear that at these 2 points, the Green's function of the boundary operator, dual to the bulk scalar field Φ, is multi-valued. According to the explanations given in Introduction, based on [37] , one concludes that to every Matsubara frequency ω = −i2πT , pole-skipping points of the dual boundary operator correspond. This simply shows that how near horizon dynamics can strictly constrain the Green's function of a generic boundary operator, even beyond the regime of hydrodynamics, namely at frequencies ω ∼ T .
In the following two subsections, we find the set of pole-skipping points discussed above for the scalar field in the Einstein-Maxwell-Chern-Simons theory. Since there is a preferred direction, namely the magnetic field direction, which we take it as being along the third axis, our study of the scalar field perturbations falls into two cases; once when k B and then when k ⊥ B (see Appendix E for the latter case).
Longitudinal poles: a universal behavior
Longitudinal pole-skipping points are obtained by studying the dynamics of the Fourier modes of Φ propagating in the direction of magnetic field. The Fourier components of the scalar field then are written as Φ = φ(r)e −iων+ikx 3 . Plugging in (3.1), we arrive at 
Here, the superscripts L emphasize that k B. One can show that in this case, all M L rs coefficients can be generally written as the following:
where ω = ω/2πT and k = k/2πT . The coefficients a L rs , b L rs , c L rs and d L rs of the first three equations above have been given in Table. E.
Im ω 2 π T Figure 1 : Spectrum of chaos points (in the upper half plane) together with the pole-skipping points of a boundary operator dual to a scalar filed with mass m = 0 in the bulk (in the lower half plane). Orange and red points, which are symmetric with respect to the vertical axis, are related to non-chiral matter at ν = 0 and b = 0. Blue and green points, however, correspond to a chiral matter at ν = .5 and b = .5. Due to the chiral magnetic effect, these points are located asymmetrically with respect to vertical axis. The vertical gray dashed lines at k = ± 3/2 show that at the special case when m = 0, accidentally, the chaos points and the lowest frequency pole-skipping points have the same wavenumbers at b = 0 and ν = 0.
Pole-skipping points at ω 1 = −i2πT
From the near horizon equations of scalar field above, it is obvious that just at the lowest Matsubara frequency ω 1 = −i2πT , equation (3.9) decouples from the rest of equations. One then concludes that the pair of roots of M L 11 − i2πT, i2πT k = 0 correspond to the lowest frequency pole-skipping points. We call the roots as k L 1,j ; j = 1, 2 and find
Obviously, these two points are not symmetric with respect to Im ω-axis. The asymmetry is due to the chiral effects and, more precisely, is proportional with ν 2 b. This is reminiscent of the asymmetry of the chaos points in (2.30) . The difference between the magnitude of
Im ω 2 π T Figure 2 : Spectrum of chaos points (in the upper half plane) together with the poleskipping points of a boundary operator dual to a scalar filed with mass m = 2 in the bulk (in the lower half plane). Orange and red points are related to non-chiral matter at ν = 0 and b = 0. Blue and green points correspond to a chiral matter at ν = .5 and b = .5.
Orange and red points are symmetric with respect to the Im ω-axis, however, due to the chiral magnetic effects, the blue and Green ones are located asymmetrically with respect to the same axis.
k L 11 and k L 12 is
Interestingly, the ν 2 b term in both k L 1,1 and k L 1,2 is independent of m, the mass of scalar field. So, in this sense, the above difference is universal and does not depend on the scaling dimension of the corresponding boundary operator [58] .
The universal behavior mentioned in the previous paragraph has been illustrated in both Figs.1 and 2 . In these figures, we have also demonstrated the chaos points found in (2.30) . As it can be seen, in general, there is no explicit relation between the position of chaos points (the blue ones) and that of the lowest frequency pole-skipping points (the highest pair of green ones). While for m = 0, the latter and former points occur at the same wavenumbers, at m = 0 it will no longer be the case. However, there is an implicit relation between them; the sum of wavenumbers corresponding to the pole-skipping point with the lowest Matsubara frequency, in the lower half plane, is exactly the same as that of chaos points (2.31) in the upper half plane. In the figures we have clearly showed this relation (See ∆k (1) = ∆k (c) in the figures.). We will comment on this interesting property later.
Pole-skipping points at ω 2 = −i4πT and higher Matsubara frequencies
At the next Matsubara frequency, namely ω 2 = −i4πT , two of the near horizon equations ((3.9) and (3.10)) decouple form the rest ones. The corresponding pole-skipping points can be found by studying M L rs coefficients of the first two equations. Solving 
At the same row of the figures, however, there are four green points showing the poleskipping in our holographic chiral system; one obviously sees that the above qualities will no longer hold for the green points. Although the analytic expressions of the wavenumbers for the green points are so much complicated, their deviation from the symmetric case can be written in a compact way:
Compared to the asymmetry of the lowest frequency points given by (3.15) , it seems that these results are not universal, in the sense that they explicitly depend on the mass of scalar field. However, the sum of all four wavenumbers turns out to be mass independent:
and has interestingly the same dependence on b and ν that both ∆k (1) and ∆k (c) already have. It suggests that perhaps the sum of wavenumbers of pole-skipping points at a specific Matsubara frequency encodes some information about the quantum chaos. To explore more on this idea, we compute
(ω = −i2πT ) (3.21) for = 1, 2, 3, 4. In this formula, k L ,r is the wave number corresponding to the r th longitudinal pole-skipping point at th Matsubara frequency. Surprisingly, we obtain
Considering the above expressions, one may conjecture that the sum of wavenumbers corresponding to the pole-skipping points at th Matsubara frequency ω = −i2πT , is given by the following closed formula
This results is not only surprising because of its simple feature, but is also important from the viewpoint of its universality. It can be obviously seen that whatever the mass of scalar field in the bulk and correspondingly the scaling dimension of the dual boundary operator is, this result always identically holds. In the following subsection, we discuss about the relation between (3.26) and quantum chaos.
Longitudinal poles and quantum chaos
What we obtained in previous subsection can be reviewed as it follows. Firstly, it is important to note that due to the chiral effects, the arrangement of green pole-skipping points in Fig.1 and Fig.2 is asymmetric with respect to Im ω axis. We showed that an appropriate quantity which universally captures the asymmetric feature is the one introduced in (3.21). We finally argued that this quantity may in general follow from a closed formula given by (3.26) . More interestingly, comparing this result with (2.31), we arrive at
This relation simply shows that the same information about the splitting of butterfly velocities, namely ∆k (c) , is encoded in the quantity ∆k ( ) . Specifically, for = 1, independent of m, we obtain ∆k (1) = |∆k (c) |. Such surprisingly general relation between pole-skipping points and the chaos ones possibly has some origin in quantum field theory. We leave more investigation about it to a future work.
Conclusion and outlook
In this paper we holographically studied quantum chaos and pole-skipping phenomenon in a system with chiral anomaly. Using the shock wave picture we first computed the butterfly velocities in both directions parallel and transverse to the magnetic field. Then by computing the spectrum of hydrodynamic modes in our system, we found that the difference between longitudinal butterfly velocities (2.29) has a non-trivial relation with the difference between velocity of sound waves propagating in the system, as given by (2.48) . Equation (2.48) is linking between two separate regimes of scales; first, the hydrodynamic regime ω T and second, the scales ω ∼ T which are more relevant to chaos. Following [59] , it would be interesting to investigate whether such feature will be protected at finite coupling.
The above-mentioned relation can be interpreted as it follows; any splitting between the sound velocities leads to that of butterfly velocities, with a constant proportionality ratio. Since it is the chiral magnetic effect that makes the sound velocities to be unequal in our system, one concludes that any non-vanishing measurement of ∆v B signals out the presence of chiral magnetic effect and consequently the chiral anomaly in the system. This is important to note that butterfly velocity can be actually measured in the experiment [60] [61] [62] [63] . Our result implies that designing relevant experiments in chiral matters, like Weyl semimetal [64, 65] , and measuring OTOC might be important to macroscopically detect the chiral anomaly.
To more investigate the relation between quantum chaos and hydrodynamics, we then holgraphically computed the pole-skipping points in the energy density Green's function of the boundary theory. The pole-skipping points were found precisely the same as chaos ones (2.55) . This coincidence might be regarded as hydrodynamic origin of quantum chaos in an anomalous system. However, there are yet another ways to explore the relation between hydrodynamics and quantum chaos. Following [19] and in the language of [66] , one can investigate whether the chaos points given in (2.30) are located on the analytically continued dispersion relation of sound waves. To proceed, one has to firstly find the spectral curve corresponding to the sound channel. To this end, it is needed to know the gauge invariant objects in this channel. One can show that for the general class of the solutions
in the sound channel, only h tt , h x 3 x 3 , h x i x i , h rr , h rt , A t , A r and A x 3 mix with each other. We have assumed metric and gauge field perturbations as h µν e −iωt+ikx 3 and A µ e −iωt+ikx 3 , respectively. It can then be shown that there are only two gauge invariant quantities constructed out of the metric and gauge perturbations in this channel:
Finally it turns out that these two quantities obey two coupled second order ordinary differential equations. Formally one writes
with the coefficients being some functions of ω, k as well as metric and gauge field components. Considering the radial coordinate in the bulk as u ∼ 1/r 2 , one then looks for solutions Z(u; ω, k 2 , kB) and E z (u; ω, k 2 , kB) to the above equations. Solutions must be either regular on the future event horizon and also obey the Dirichlet boundary condition at u = 0. The latter gives spectral curve of sound channel Z(0; ω, k 2 , kB) = 0 and E z (0; ω, k 2 , kB) = 0. Then by using the method developed in [66] , one can find the dispersion relation of sound modes in an expansion over both k and B. If it behaves like the non-chiral case [19] , luckily, the first few orders in the expansion will be sufficient to observe that chaos point is on the analytic continuation of this spectral curve. If so, it would be also interesting to investigate whether chaos points are located within the domain of convergence of hydrodynamics in our system or not.
In another direction, we can fully do the above task numerically. One can numerically solve the above coupled differential equations for a given specific wave number to find the corresponding spectrum of quasi normal modes in the system. However, for purely imaginary values of the wave number, in addition to the points with negative imaginary frequency, one finds a point in the upper half of the complex plane, just on vertical axis. In order to protect the Green's function of energy density from diverging, this point must be a pole-skipping point. Collecting a number of these points and interpolating among them, one then can see whether the chaos points are on the interpolating curve. We leave detailed computations to a future work.
In the last part of the paper, we showed that the same information about splitting the butterfly velocities is encoded in pole-skipping points of Green's function associated with a boundary operator dual to a scalar field in the bulk. More precisely, we firstly computed the spectrum of pole-skipping points in the lower half of complex Fourier plane. Then we showed that the sum of wavenumbers corresponding to pole-skipping points at a specific Matsubara frequency is a universal quantity. By universal we mean that the sum does not depend on the mass of scalar field in bulk and consequently neither does on scaling dimension of dual boundary operator.
More interestingly, we proposed a closed formula for the above mentioned universal quantity, in (3.26) . Then by comparing formula (3.26) with the sum of wavenumbers corresponding to the two chaos points (see (3.27) ), we explained how one can get the same information about splitting of butterfly velocities from the Green's function of a boundary operator. While formula (3.26) was found through holographic computations, it would be interesting to investigate the reason behind this nice behavior of pole-kipping points, in quantum filed theory.
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A Detailed computations of the longitudinal butterfly velocity
When h is just function of x 3 , equation (2.21) take the following form
As before, we assume the magnetic field to be directed along +x 3 direction. In Fourier space, h(x 3 ) =h e ik x 3 and one finds
As a result, function h can be found by performing the following integral:
with k 1 = i(p + p 2 + m 2 0 ) and k 2 = i(p − p 2 + m 2 0 ). For performing the above integral we close a contour in the complex plane of k (See Fig. 3 ). In the absence of magnetic field, h(x 3 ) is symmetric under x 3 ↔ −x 3 . However, a magnetic field directed in +x 3 direction breaks down this symmetry. When x 3 > 0, the integral along C 1 is convergent, while for
Rek Imk Figure 3 : Asymmetric analytic structure ofh in the presence of magnetic field and chiral anomaly. Black points, which are symmetric with respect to the real axis, show the location of poles in the absence of magnetic filed.
x 3 < 0 integration over C 2 converges. One then finds
Using this, one simply obtains (2.24) . In fact, the asymmetric positioning of the poles with respect to the real axis in Figure. 3 is the origin of splitting between butterfly velocities.
B Transverse butterfly and pole-skipping
If function h in (2.21) is assumed to be function of transverse directions, say x ⊥ = x 1 , x 2 , then equation simplifies to
which has the following simple solution
where g is a non-exponential function. The transverse speed of propagation then reads v
There are two butterfly velocities with the same magnitude in the directions perpendicular to the magnetic field. Although the magnitude of the butterfly velocity has changed compared to the non-chiral system, however, there is no term linearly dependent on the magnetic field. In other words, the magnetic field starts to contribute like µ 2 B 2 T 6 for both butterfly velocities. This basically means that in this case it is just by precisely measuring the butterfly velocities that one can explore the existence of chiral effects. Let us recall that in the longitudinal case, any difference between the magnitude of the two butterfly velocities was regraded as the sign of such anomalous effects.
In the absence of chiral effects, namely when κ = 0, the above result simplifies to v T 1,2
which we discuss about in the following subsection. Now we show that transverse pole-skipping points of the energy density Green's function precisely coincide with the transverse chaos points (ω c , k T c ) = (i2πT, i2πT /v
). When k ⊥ B only the perturbations δg vv , δg rr , δg rv , δg x i x i , δg x 3 x 3 , δg vx 1 , δg vx 2 , δg rx 1 and δg rx 2 decouple form the others. So just by considering these metric perturbations around (2.49), the linearized vv component of Einstein equations near horizon then, up to second order in b and ν, reads:
with the coefficients C = 2iπT (log(4) − 2)κ 2 − 1 ω ν 2 b 2 + 24+π 2 54 k 2 ν 2 b 2 . Again, like the longitudinal case, at the frequency ω = i2πT , the perturbation δg vv decouples from the other perturbations near at the horizon. One finds the position of pole-skipping points (ω * , k * ) = (i2πT, i2πT k * ) with k * given by
One can simply check that two values of ω * /k * in this case is exactly equal to butterfly velocities (B.4). This means that in a an anomalous system, pole-skipping points are the same as chaos points, not only in longitudinal case, but also in transverse directions. This completes our discussions about the relation between hydrodynamics and quantum chaos in an anomalous system.
C Comparison with Blake-Davison-Sachdev[16]
In [16] , based on the shock wave propagation picture in the bulk of AdS [2] , the butterfly velocities for an anisotropic Q-lattice has been computed. Considering the solution as
authors of [16] show that the butterfly velocities in longitudinal L and transverses directions T is given as the following
with m being the effective mass of the shock wave
Let us recall that in the current paper, we have been mainly working on the solution (2.5).
Obviously, when C(r) = 0, namely when the solution is non-chiral but still magnetized, (2.5) reduces to (C.1), with the following identifications:
The expressions of W T (r) and W L (r) have been given in Table. E. Using them, we find
h L (r h ) = π 2 T 2 1 + 4 3 ν 2 + π 2 + 24 18
By use of the recent expressions, then, the longitudinal and transverse butterfly velocities given in (C.2) turn out to be exactly the same as (2.27) and (B.4), respectively.
D Thermodynamic derivatives
Using the equation of sate given in (2.37), (2.37) and (2.38), one finds
E Scalar field dynamics in transverse directions: symmetric spectrum
Transverse pole-skipping points are obtained by studying the dynamics of those Fourier modes of Φ propagating in the directions perpendicular to the magnetic field. As before, we take magnetic field along the third axis. Exploiting the SO(2) rotational symmetry in the transverse plane, we then take the Fourier components of the scalar field as Φ = with a T ij , b T ij and d T ij coefficients given in Table. E. Repeating the process done in the previous subsection, on we have found the spectrum of the pole-skipping points for the four lowest Matsubara frequencies. The expressions associated with the wavenumbers are complicated as before. Instead of rewriting them, however, we have plotted our results for some specific values of ν and b in Fig.4 . In the left panel of the figure we have taken m = 0 and in the right one m = 2. As it can be seen, the green (chiral) spectra have some deviations with respect to the red (non-chiral) ones. The important point, however, is that by entering the chiral effects, the spectra are still symmetric with respect to the vertical axis. This simply means that it would not be possible to find the same information about quantum chaos found from the longitudinal poles, from this channel too. (r − r h ) (r − r h ) 2 + 4bν 2 κ(10 log(2)−1) 
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